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Abstract 
 
Advanced composite materials are finding increasing application in aerospace, marine and many other industries due to 
the advantages in performance, structural efficiency and cost they provide. However, despite years of extensive research 
around the world, a complete and validated methodology for predicting the behaviour of composite structures including 
the effects of damage has not yet been fully achieved. The Cooperative Research Centre for Advanced Composite 
Structures (CRC-ACS) is leading a currently running collaborative project to develop a methodology for determining 
mechanical behaviour and failure in composite structures. Key drivers of the project are the use of multi-axial testing 
machines for material characterisation and an appreciation of the issues involved due to the different length scales of any 
analysis. As part of the project, a critical review was performed to assess the state of the art in material constitutive 
modelling and composite failure theories. This paper summarises the results of the review, which includes a discussion of 
the various theories and approaches within the context of the dissipated energy density framework. The results of the 
review will be applied within the project to select appropriate constitutive modelling and failure approaches for 
implementation within a data-driven material characterisation methodology. 
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1. Introduction  
 
Fibre-reinforced polymer (FRP) composites are finding 
increasing application in aerospace, marine and many 
other industries due to the advantages they provide in 
performance, structural efficiency and cost. However, 
despite years of extensive research around the world, a 
complete and validated methodology for predicting the 
behaviour of composite structures including the effects 
of damage has not yet been fully achieved. This is 
largely due to their complex nature, so that for any 
composite structure the performance and the 
development of damage leading to failure are dependent 
on a range of parameters including the geometry, 
material, lay-up, loading conditions, load history and 
failure modes.  
 
An approach has been developed at the US Naval 
Research Laboratory (NRL) to characterise strain-
induced material damage that is based on the energy 
dissipated by a material undergoing irreversible damage 
processes [1]. This dissipated energy can be determined 
experimentally from the nonlinear behaviour of a 
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specimen under loading, as shown in Figure 1. A 
dissipated energy density (DED) function, with units of 
energy per unit volume, can be determined from 
experimental testing and is postulated to be a property of 
the material. The DED function relates the strain at any 
point in the material to the dissipated energy, and as such 
measures the cumulative nonlinear softening effect all 
damage mechanisms, without requiring explicit 
knowledge of these mechanisms. The DED function has 
been used as a measure of local material softening due to 
load-induced damage, to quantify the nonlinear damage 
or global softening of composite materials and 
structures, or in a reciprocal sense to characterise 
material health.  
 
 
Figure 1: Dissipated energy as determined from material 
load-displacement behaviour. 
                                                     
The DED function is determined in a data-driven 
approach that uses an extensive set of test data. This data 
is obtained from a multi-axial test machine, which is 
capable of inputting loading displacements in a number 
of degrees of freedom (DOF) simultaneously. The 
experimental procedure is used to determine a set of 
dissipated energy values at a range of data points 
throughout the displacement loading space. A linear 
polynomial form of the DED function is proposed as a 
function of strain and material coefficients. The strain 
coefficients are interpolation functions between points in 
the strain space, and the material coefficients are solved 
for using the experimental energy data. The DED 
function characterised in this way is specific to the ply 
material, lay-up and ply thickness, and needs to be 
repeated when changes to the laminate are made. For this 
reason, the data-driven approach is suited to a highly 
automated process, where for example a 3DOF machine 
developed at NRL can feed specimens in continuously 
and is capable of characterising up to 12 different 
laminates an hour [1]. Two generations of 6DOF 
machines have also been developed, and are capable of 
performing automated characterisation testing using the 
complete displacement loading space [2-3]. 
 
The DED function can then be incorporated into a 
nonlinear definition of the material constitutive 
behaviour, by assuming that the work potential is the 
sum of recoverable and dissipated parts. From this, a 
coupled system of nonlinear equations is defined that 
describes the stress-strain, equilibrium and strain-
displacement relationships. The DED function is used to 
define a failure surface, and determine whether the 
material is in an inelastic or elastic domain. The stress 
state of the material is then determined in an iterative 
process, which requires the material coefficients of the 
DED function and material strain state to be initially 
estimated and then updated iteratively. 
 
The Cooperative Research Centre for Advanced 
Composite Structures (CRC-ACS) is leading a four-year 
collaborative research project that aims to extend the 
data-driven approach developed at NRL and develop a 
characterisation methodology for composite materials to 
determine mechanical behaviour leading up to and 
including failure. The project involves validation of the 
approach using a range of different coupons and 
subcomponents as well as implementation into a suitable 
software package, with a focus on mitigating issues 
associated with analysis at difference length scales.  
 
This paper summarises the results of a critical review 
performed within the project to assess the state of the art 
in material constitutive modelling and composite failure 
theories. The theories and approaches are then discussed 
within the context of the DED framework. The results of 
the review will be applied within the project to select 
appropriate constitutive modelling and failure 
approaches for implementation within a data-driven 
material characterisation methodology. 
 
2. Constitutive Modelling 
 
The constitutive model of a material system is the 
relation that is used to characterise its physical 
properties, and is necessary to describe the behaviour of 
the system under loading. Constitutive models can be 
classified as either explicit, implicit or hybrid, based on 
their form and their relationship to physically derived 
models of behaviour [3]. 
 
2.1. Explicit 
 
Explicit constitutive models are the classical approach to 
defining the constitutive relationship of a material 
system, and connect the real properties of the system to 
its behaviour using physically-based theories. The 
mechanical behaviour of solids is normally defined as a 
constitutive stress-strain relation, where the stress is a 
function of the strain, strain rate, strain history, 
temperature and material properties. This can be done at 
the macroscopic or microscopic level.  
 
The macroscopic level involves analysis at a range of 
scales that includes individual plies and laminates, as 
well as structural components and assemblies. Whilst 
each of these scales can be classified separately, they are 
all based on a constitutive model that uses smeared or 
averaged properties for the composite ply. The 
generalised stress-strain relationship is derived from the 
work potential of the system. At a macroscopic level, 
this equation is used to define the stiffness of a single 
ply, or of a complete laminate using Classical Laminate 
Plate Theory [4]. The determination of the stress and 
strain fields for the material is achieved by solving this 
equation with the strain-displacement, compatibility and 
equilibrium equations, and is commonly performed using 
finite element (FE) analysis.  
 
At the microscopic level, the constitutive relationship is 
used to describe the relationship between the properties 
of the unit composite ply to its fibre and matrix 
constituents. More complex models may also include the 
interface and interphase region between the constituents 
[5], as well as the presence of voids or other 
imperfections. A generalised stress-strain law is defined 
in a similar manner, though typically also incorporates 
deformation due to thermal expansion, and is solved 
using mechanics of materials, theory of elasticity or an 
FE approach. 
 
2.2. Implicit 
 
Implicit constitutive models characterise the behaviour 
of a material using only a mathematical relationship 
between the inputs and outputs of a system and do not 
attempt to represent any of the underlying physics. 
Implicit models are more suited to represent highly 
complex and nonlinear material behaviour, where 
explicit models based on simple phenomenological 
investigations may not be able to capture all the relevant 
behaviour. In order to define an implicit model, the 
system being investigated is first expressed 
mathematically in terms of its inputs and outputs, and 
then a system identification process is used to find an 
optimum approximation function. This process requires a 
set of input-output data, such that the fitness of the 
approximation is dependent on the reliability of this data. 
For complex systems, the use of neural networks as a 
universal function approximator allows for accurate 
descriptions of material behaviour with multiple input 
and output variables [7]. Implicit constitutive models can 
be developed for any material, and have been 
demonstrated for a range of materials, including soil [8], 
piezoelectric [9] and FRP [10-11]. It is important to note 
that these models can only be used to predict behaviour 
within the range for which they were developed, which 
has implications for the application across different 
length scales.  
 
2.3. Hybrid 
 
Hybrid models combine features of explicit and implicit 
relations, and use both physically-based and 
approximation methods in order to characterise material 
behaviour. This type of model can be advantageous in 
balancing a consideration of the underlying theories or 
frameworks with the relative freedom of an 
approximation-based characterisation. An example 
hybrid relation is the DED approach described 
previously, where an arbitrary polynomial function is 
used to mathematically define the DED, which is a 
material property used to measure any energy lost due to 
nonlinearities. The DED is defined as a polynomial 
equation that is incorporated into the material 
constitutive relation, and solved using an iterative 
solution process. The hybrid model for DED has also 
been used in conjunction with a degradation model to 
simulate loss of stiffness due to material failure [12], and 
to characterise material damage in both an analysis and 
health monitoring context [3]. 
 
3. Composite Failure 
 
3.1. Failure Mechanisms 
 
Composite materials display a wide variety of failure 
mechanisms as a result of their complex structure and 
manufacturing processes, which include fibre failure, 
matrix cracking, buckling and delamination. Based on 
these failure mechanisms it can be more appropriate to 
consider the composite as a structure rather than as a 
material.  
 
• Fibre failure is one of the simplest failure 
mechanisms to identify and quantify, and occurs 
when the loads applied to a composite structure 
cause fracture in the fibres.  
 
• Matrix cracks are an intralaminar form of 
damage, and involve cracks or voids between 
fibres within a single composite layer, or lamina.  
 
• Buckling is a structural phenomenon that occurs 
in compression or shear, and though not 
necessarily resulting in failure, the large 
deformations, bending and loss of structural 
capacity involved typically promotes other types 
of damage and leads to structural collapse.  
 
• Delaminations are separations between internal 
layers of a composite laminate caused by high 
through-thickness stresses, and cause significant 
structural damage, particularly in compression.  
 
3.2. Damage Characterisation 
 
In the analysis of composite structures, various 
approaches are used to characterise the onset and 
progression of damage. This typically involves 
monitoring a particular type of parameter to predict and 
monitor damage development and growth. Though there 
are a variety of damage characterisation approaches, 
these can be generally categorised as being based on 
theories of strength or fracture mechanics.  
The strength, as defined by the allowable stresses for a 
material, can be used to characterise the initiation and 
growth of all types of damage. The application of the 
strength approach is usually fairly simple, with one or 
more strength criteria defined, and the material deemed 
to have been irreversibly damaged once these criteria are 
satisfied. The criteria themselves can range from single 
stress parameter limits, combinations of various stress 
terms, or normalisation of stress terms using structural or 
material values. Also, strength criteria can be applied so 
that each damage mechanism has a distinct criterion, or a 
more general damage criterion can be applied. There are 
also a number of parameters similar to stress that have 
been used to characterise damage including strain, force, 
displacement or rotation amongst others. It is important 
to note that strength-based characterisation of damage is 
most commonly applied to define the damage initiation, 
and not the progression of an existing damage region, 
and this is especially relevant for delaminations.  
 
On the other hand, classical fracture mechanics is a 
theory that studies the growth of existing defects, and 
whilst not often used for most forms of composite 
damage, has been successfully applied to the study of 
delamination and debonding. Classical fracture 
mechanics were developed and applied for damage 
analysis of metals, in which a single crack propagates at 
a mostly uniform rate through the material. In fracture 
mechanics theory, the growth of a macroscopic defect is 
controlled by the rate of strain energy released in 
propagation, as compared to a threshold maximum strain 
energy release rate for that material, which as such is a 
measure of material toughness. The strain energy 
released in crack propagation is typically split into the 
separate mechanisms of crack growth: peeling, shearing 
and tearing, as seen in Figure 2. 
 
 
Figure 2: Crack growth modes a) I. Peeling  b) II. 
Shearing  c) III. Tearing. 
 
The study of a single macroscopic crack in metals is 
analogous to the propagation of delamination, so that 
composite researchers almost without exception have 
applied classical fracture mechanics principles in order 
to study the growth of a pre-existing delamination. 
Numerous researchers investigating the behaviour of 
delamination failure have found that the strain energy 
release rate is affected by a wide range of factors, 
including loading, crack growth direction, proportion of 
the different crack opening modes, and orientation of 
plies bounding the delamination. Again, it is important to 
note that the classical fracture mechanics approach 
assumes a pre-existing crack, and generally does not 
characterise the initiation of damage. 
 
A variety of methods have been developed to determine 
the strain energy release rate components from the 
results of FE analysis. Most methods make some 
assumptions regarding the crack front geometry and 
crack growth behaviour. Some examples include the J-
integral, equivalent domain integral, finite extension and 
virtual crack extension methods, and a comprehensive 
review of different approaches is given in [13]. One of 
the most popular approaches is the Virtual Crack Closure 
Technique (VCCT) [14], which unlike some of the other 
approaches is based on simple equations and can be 
performed in a single FE analysis. Another common 
approach is the Crack Tip Element method developed by 
Davidson [15], which has been shown to offer some 
improvements over the VCCT approach, particularly in 
analysing a crack between dissimilar plies.  
 
3.3. Material Characterisation 
 
All failure criteria are dependent on an experimental 
determination of material limits. There are a number of 
standards organisations, for example the International 
Standards Organisations (ISO), American Society for 
Testing and Materials (ASTM), or European Structural 
Integrity Society (ESIS), specifying testing procedures 
for a large range of material properties, though these are 
generally limited to strength and fracture mechanics 
parameters. Strength and other mechanical properties are 
determined with simple, well-established test procedures, 
such as compression, tensile, shear and three-point bend 
tests. Fracture mechanics tests are classified according to 
the mode, or combination of modes, of the loading 
applied to the specimen, which determines the properties 
able to be identified. These tests however can be 
relatively problematic for a number of reasons, and not 
all fracture mechanics properties are currently able to be 
determined reliably.  
 
A feature of most current experimental characterisation 
techniques is their reliance on uniaxial testing machines, 
and their capability to identify only one or two material 
parameters per test coupon. Multiaxial testing machines 
have been developed to overcome these issues, and allow 
for the application of loads in a variety of degrees of 
freedom. The application of multiaxial testing machies 
for material characterisation requires an approach to 
determine a set of parameters from the multiaxial 
response of the specimen, such as the method developed 
for a 3DOF loading machine by Mast et al. [1]. Material 
identification in this manner can be specific for each 
material lay-up, type, architecture or specimen geometry 
investigated. However, approaches such as design of 
experiments [16] and online load path planning [17] 
have shown that the multiaxial testing approach can be 
optimised and made general enough for characterisation 
in a range of different scenarios. 
 
3.4. Failure Criteria 
 
The development of failure criteria for composite 
materials has been actively pursued for over 30 years by 
researchers around the world, and there are countless 
theories available in the literature. These criteria can be 
classified in a number of ways, including whether they 
are based on strength or fracture mechanics theories, 
whether they predict failure in a general sense or are 
specific to a particular failure mode, and whether they 
focus on in-plane or interlaminar failure. In this review, 
failure theories for in-plane and interlaminar failure are 
presented, that are largely based on the stress 
components of an individual ply within the laminate. 
Furthermore, for composite laminates made from layers 
of unidirectional prepreg tape, failure is classified 
according to the fibre direction of the ply, with fibre 
failure occurring in the ply fibre axis and matrix failure 
occurring in-plane and orthogonal to the fibre axis.  
 
In the failure criteria given: σ, τ and ε, γ are used for 
stress and strain in the normal and shear directions; X, Y, 
Z and S are strengths in the fibre, matrix, through-
thickness directions and shear directions; subscripts 1, 2 
and 3 refer to the fibre, matrix and through-thickness 
directions; subscripts T and C denote limit values in 
tension and compression; subscript is refers to in situ 
strengths, and all other symbols and abbreviations are 
explained in the table or in the referenced papers. 
 
In situ strengths are used in a number of failure criteria, 
though the method for determining these values varies 
between papers. In situ strengths are used as it has been 
found experimentally that a ply embedded within a 
multi-directional laminate has increased transverse 
tensile and shear strengths as compared to the same ply 
in a completely unidirectional laminate [18]. This is due 
to the beneficial effect of the neighbouring plies on 
damage within an embedded ply, and means that values 
taken from standardised experimental characterisation 
coupons, which all use unidirectional coupons, can 
underestimate actual ply strengths. 
 
One important point for most failure criteria is that they 
apply at the level of the composite ply. So, limit values 
such as strength or fracture toughness, though referred to 
as “material” properties, are actually closer to structural 
properties given the orthotropic nature of a ply.  
 
Also, for the criteria given, a naming convention has 
been applied, which uses the year published, the 
category and the criteria name, where the latter is either 
the commonly accepted name or the authors of the 
referenced paper (with et al. used with three or more 
authors). The categories given cover the range of failure 
types for a composite ply that are predicted using various 
criteria. These failure types include fibre failure (fibre), 
matrix failure (matrix), fibre/matrix failure in shear 
(shear), general (ply-gen) and interactive (ply-inter) 
criteria for failure of the entire ply, delamination 
initiation (delam-init) and delamination growth (delam-
growth), with separate categories for tension (tens) and 
compression (comp), and a general category (gen) where 
tension/compression behaviour is not specified. Also, the 
failure criteria listed are those developed specifically for 
fibre-reinforced composites, and though many of these 
were derived from earlier theories developed for metals, 
these “original” criteria have not been included here due 
to their limited applicability.  
 
3.4.1. Fibre Failure  
 
For composite laminates, fibre failure in tension occurs 
due to the accumulation of individual fibre failures 
within plies, which becomes critical when there are not 
enough intact fibres remaining to carry the required 
loads. Most authors analysing fibre failure in tension 
apply a maximum strength or maximum strain criterion 
at each ply, using simple material limit values taken 
from experimental testing. Exceptions to this include 
Hashin [19] who uses a quadratic interaction criterion 
involving in-plane shear, Chang and Chang [20] who 
apply the Hashin quadratic interaction criterion but 
incorporate nonlinear shear behaviour, and Puck and 
Schürmann [21], who use a maximum strain criterion 
with a stress magnification factor applied to transverse 
normal stress. In-plane failure criteria for fibre failure in 
tension are summarised in Table 1. 
 
Fibre failure in compression occurs due to microbuckling 
and the formation of kink bands, and though there is still 
debate over whether these phenomena are separate 
failure modes, microbuckling is a more global failure 
mode whilst kinking seems to be initiated by local 
microstructural defects and is the most common failure 
feature observed after testing [22]. Table 2 gives criteria 
for compressive fibre failure, where many authors apply 
the maximum stress or maximum strain criteria using 
limit values from experimental characterisation, though a 
number of approaches have been developed for 
incorporating the effects of microbuckling and kinking. 
 
A number of authors have developed approaches for 
fibre failure in which the different tension and 
compression properties of the ply are not specified, 
combined within the one criterion, or not considered, as 
summarised in Table 3. 
 
3.4.2. Matrix Failure 
 
Matrix failure in laminated composites is a complex 
phenomenon, in which matrix cracks initiate typically at 
defects or fibre-matrix interfaces, accumulate throughout 
the laminate, and coalesce leading to failure across a 
critical fracture plane. A considerable amount of 
literature exists on the analysis of matrix cracking and 
failure, and numerous authors have developed 
approaches for predicting the initiation of matrix cracks, 
using fracture mechanics theories to predict the growth 
or accumulation of damage from existing cracks, and 
predicting the fracture plane angle under a variety of 
loading conditions.  
 
Criteria for matrix failure in tension all assume a critical 
fracture plane in the transverse tension direction, and 
generally involve an interaction between the tensile 
normal and in-plane shear stresses. Apart from the 
maximum stress and maximum strain criteria, the 
simplest proposal is the quadratic interaction criterion of 
Hashin and Rotem [23], and further developments 
include nonlinear shear terms, in situ transverse tensile 
and shear strengths, incorporating crack density, the use 
of through-thickness shear and strength terms (in the 23 
direction), and the inclusion of fracture mechanics terms 
from a consideration of a cracked ply, as shown in Table 
4. An exception to this is the criterion of Cuntze and 
Freund [24], which is only based on the transverse 
tensile stress and strength and through-thickness shear 
stress. 
 
The criteria for matrix failure in compression, given in 
Table 5, are similar to those for tension failure, except 
that the critical fracture plane is not assumed by all 
authors. Hashin and Rotem [23] assumed the fracture 
plane was in the transverse direction (i.e. a fracture plane 
angle of 0°) and proposed a simple quadratic interaction 
criterion using the transverse normal and in-plane shear 
components. This was then modified by Hashin [19] to 
include the through-thickness strength and Chang and 
Lessard [25] by incorporating a nonlinear shear 
formulation. In contrast, the criterion of Cuntze and 
Freund [24] uses only the transverse normal strength, 
with a combination of several stress invariants. For the 
criteria considering a non-zero fracture plane angle, this 
angle must be either assumed or determined by checking 
all possible angles, though Puck and Schürmann [21] 
proposed an analytical form for the case of plane stress. 
It is interesting to note that although matrix compression 
failure occurs in shear, the fracture plane angle 
commonly seen in composite laminates is generally 53° 
± 2°, which is explained by compressive stress causing 
friction on the fracture plane [21]. Note that Hashin [19] 
and Puck and Schürmann [21] also proposed 3D 
formulations for their respective criteria, though only the 
2D forms are given in Table 5.  
 
As shown for fibre failure, some authors have proposed 
criteria for matrix failure in which the different tension 
and compression properties of the ply are not specified, 
combined within the one criterion, or not considered, as 
summarised in Table 6. 
 
3.4.3. Shear Failure 
 
A number of criteria applied in analysing in-plane shear 
failure are given in Table 7. Although the Hashin [19] 
2D criterion was given previously in Table 1, it is 
repeated in Table 7 as some authors have used it to 
analyse fibre-matrix shear failure (see, for example Ref. 
[25]), or developed improvements for it such as 
incorporating nonlinear shear or matrix crack density. It 
is interesting to note that the choice of tension or 
compression strength is not consistent between papers. 
Also shown in Table 7 is the criterion of Cuntze and 
Freund [24], in which the in-plane shear strength is used 
with a number of stress invariants. 
 
3.4.4. Ply Failure 
 
Several authors have proposed criteria in which the 
separate ply failure modes are not considered, and failure 
of the entire ply is predicted. This group includes criteria 
from papers in which the difference between fibre and 
matrix failure is either unclear or not specified, given in 
Table 8, and so-called “fully interactive” criteria such as 
Tsai-Wu [27], in which all the strength data is used to 
create a failure surface, usually in stress space, 
summarised in Table 9. Ply failure criteria are more 
suited and almost always applied in situations where 
delamination can be ignored. It is interesting to note that 
interactive criteria such as Tsai-Wu are often criticised 
due to their lack of phenomenological basis and origins 
in theories originally proposed for metals. However, 
interactive criteria have demonstrated accuracy 
comparable with leading theories in which the failure 
modes are considered, and continue to be commonly 
applied in industry and widely available in FE codes 
[28]. 
 
3.4.5. Delamination 
 
A number of criteria have been proposed to predict the 
initiation of delamination using the stress values of an 
individual ply or interface element (meshed between 
plies), and are summarised in Table 10. These criteria all 
use combinations of the through-thickness tensile and 
shear parameters, in linear, quadratic or curve-fit 
relationships, with a small number also considering the 
stress in the fibre direction. An exception to this is the 
approach of Wisnom, Hill and Jones [29], which is based 
on using principal stresses. 
 
Criteria for predicting the growth of a pre-existing 
delamination are given in Table 11. These criteria are all 
based on the fracture mechanics concept of a strain 
energy release rate, G, in crack growth, and combine the 
G components with the threshold Gc toughness values in 
the mode I, II and III directions. For these criteria, GT is 
the total strain energy release rate found from summing 
the mode I, II and III components. It is interesting to note 
the different methods for handling the mode III 
component. Some authors ignore the contribution or 
perform 2D analyses considering only modes I and II. 
Another approach is to combine mode II and mode III 
components into a G value for shear crack opening. 
Other authors others treat mode III as acting identically 
to mode II. This difference are due to a number of 
reasons, including:: the difficulty in obtaining, 
identifying and characterising pure mode III crack 
growth in experiment; the debate over whether mode III 
constitutes a separate mode or acts together with mode II 
[30]; and, the absence of any reliable or standardised 
tests for mixed mode I-III or II-III crack growth [31]. 
 
3.5. Damage Modelling 
 
Due to the complex nature of laminated composite 
materials, the onset of damage does not usually lead to 
ultimate failure, and it is necessary to account for the 
loss in performance caused by any damage in order to 
accurately predict composite material performance. 
Numerous models have been developed to represent the 
various damage mechanisms and these damage models 
have been used both in conjunction with and 
independent of the failure criteria presented in the 
previous section for damage initiation. A damage 
mechanics framework, in which the damage developed is 
used to reduce the material stiffness by introducing a 
damage model into the material constitutive behaviour, 
is a common approach that has been applied to both in-
plane and interlaminar damage. For interlaminar 
damage, the use of fracture mechanics theories and the 
introduction of a damageable interface element has been 
used both with and without damage mechanics theories 
to represent the inherent structural degradation. The use 
of a DED function, outlined previously, is a separate 
approach for characterising laminate damage, which 
attempts to reflect the nonlinear effects caused by energy 
dissipation in damage. 
 
3.5.1. Damage Mechanics 
 
Damage mechanics is a framework for representing the 
effects of damage as part of the material definition, and 
in its general form encompasses most other damage 
modelling approaches. The application of damage 
mechanics involves developing equations to represent 
the initiation and progression of damage mechanisms. 
These equations are then incorporated into the material 
constitutive law, and are monitored throughout the 
analysis. This process typically involves the use of a 
damage index, which has an inverse relationship to the 
material properties. Multiple equations can be 
implemented to represent separate damage mechanisms, 
or a single damage variable can be used to capture the 
effects of all damage types. A comprehensive review of 
damage mechanics theories is given by Talreja [32]. 
 
3.5.2. Progressive Ply Damage 
 
A progressive damage methodology attempts to 
represent the accumulation of damage in a composite 
laminate by reducing selected material properties at the 
ply level. Typically, the structure is loaded until a failure 
criterion is satisfied, at which point a corresponding 
material property or property set is reduced, and the 
analysis is continued. The degraded material property, 
most commonly stiffness, is selected so as to simulate 
the loss of load-carrying capacity in a particular 
direction, and final failure is assumed when a separate 
condition is satisfied, typically fibre fracture or 
delamination. Though this approach is simple, the 
trigger-like knockdown of properties is particularly 
suited to the quasi-brittle nature of fibre-reinforced 
composites, and numerous researchers have recorded 
significant success in applying this approach to represent 
ply damage mechanisms [28]. Almost all researchers 
applying a progressive damage methodology have 
applied a unique combination of failure criteria, 
degrading action – both property selection and 
knockdown factor − and final failure condition. 
 
Whilst capable of effectively capturing the reduction of 
material properties caused by damage, the limitations to 
a progressive failure approach must be considered. Due 
to the abundance of easily interchangeable failure 
criteria, and the efficiency of FE analysis, there is a 
danger in applying arbitrary or incorrect failure criteria, 
and then simply using the knockdown factor to “tune” 
the FE results to produce any desired solution Sound 
engineering judgment must be applied, so that each 
damage type being modelled is accurately represented by 
the failure criteria, and this requires a thorough grasp of 
the assumptions and limitations of all failure and damage 
conditions. As Hart-Smith [33] argues, in many cases of 
progressive failure analysis, damage modes such as 
matrix cracking and fibre-matrix shearing are applied, 
with no attempt to correlate any prediction with 
experimentally observed damage. 
 
3.5.3. Interface Elements 
 
Interface elements are separate FE entities, either point-
to-point or a continuous element layer, which are 
modelled between substructures of a composite material 
as a means of inserting a damageable layer for 
delamination modelling. Generally, the interface element 
functions by connecting the two substructures and 
transferring all tractions across the interface, until a 
particular criterion is reached, at which point the element 
stiffness properties degrade. Interface element behaviour 
is determined by the damage mechanics constitutional 
relationship between the relative displacement of the two 
connected substructures, and the traction generated 
between them as a result. A number of researchers have 
developed interface elements that utilise a variety of 
constitutional relationships, some of which are 
summarised in Table 12 with nomenclature taken from 
the references. The different models are compared across 
a few categories, including: type, approach to mixed-
mode loading, whether additional constants or tests are 
required, and the types of structures analysed in the 
paper. 
 
Cohesive elements are a type of interface element that 
use both damage mechanics and fracture mechanics to 
define the behaviour of an interface, and are increasingly 
being applied by researchers to model delaminations and 
debonds in composite structures. A cohesive zone 
material model, an example of which is given in Figure 
4, defines the relationship between the gap opening (δ) 
and traction (τ) across the interface. Though a simple 
bilinear model is shown, numerous authors have 
developed a range of other relationships such as 
exponential or linear-exponential. After the element 
passes the strength limit (τc) of the material, the stiffness 
is reduced gradually. This continues until the interface 
has zero stiffness, at which point the substructures are 
completely separated, and the interface element acts only 
as a contact region to deny any physically impermissible 
cross-over of the two substructures. In the cohesive 
element formulation the work done in reducing the 
material stiffness to zero is equal to the fracture 
toughness (Gc). This not only incorporates fracture 
mechanics theories into the damage mechanics-based 
approach, but assists in alleviating some of the mesh 
density problems associated with stress-based analysis. 
 
 
Figure 3: Cohesive zone bilinear material model. 
 
For delamination and debonding, cohesive elements have 
a number of important advantages over other modelling 
approaches, as they have the capacity to investigate both 
initiation and growth of damage in the same analysis, 
and to incorporate both strength and fracture mechanics 
theories. Also, as opposed to classical fracture 
mechanics, the use of interface elements does not require 
the assumption of an initial damage size or propagation 
direction, and obviates the need to apply difficult and 
computationally expensive re-meshing to accommodate 
the propagating delamination front. However, cohesive 
elements require a fine mesh to remain accurate, and can 
become prohibitively inaccurate when larger mesh sizes 
are used, which must be considered in application with 
large structures. Also, the standard cohesive element 
formulation cannot account for an arbitrary crack front 
shape and so does not differentiate between shear 
damage in mode II and III directions, and in general the 
exact location of the crack front can be difficult to define 
due to the use of a cohesive-based definition to describe 
the quasi-brittle nature of composite failure. 
 
3.5.4. Fracture Mechanics 
 
Damage modelling for fracture mechanics analysis 
requires the definition of a pre-existing crack region in 
the numerical model. For delamination and skin-stiffener 
debonds, this involves separating the damaged region 
into two substructures and defining a contact region 
between them. A number of researchers have also 
recognised the importance of modelling the entire 
structure as two separate sublaminates, with a tying 
connection in the intact region and contact defined in the 
damage region, to avoid the error involved in fracture 
mechanics calculations at points of changing thickness 
[34-35]. However, it is important to note that an intact 
structure represented as two substructures joined using 
tying constraints has different bending and interlaminar 
shear properties compared to a single laminate. In spite 
of this, the representation of a delamination or debond as 
a region of separate sublaminates is both necessary for 
fracture mechanics, and advantageous as it accounts for 
the structural degradation due to damage.  
 
Accurate damage modelling of delaminations and 
debonds also requires the damage area to be grown 
during analysis. Fracture mechanics analysis has been 
limited in this respect due to the complexities involved in 
monitoring crack progression and a typical requirement 
for a fine mesh around the crack front, which usually 
combine to require either a highly dense mesh or 
computationally expensive re-meshing. Also, fracture 
mechanics calculations are generally dependent on the 
shape of the crack front, particularly the determination of 
the correct mode mix ratio, and this can require 
complicated algorithms to monitor the crack front shape 
as the damage area progresses. These factors have tended 
to deter researchers from developing fracture mechanics 
approaches for modelling crack progression, and 
analyses have been limited to detecting the onset of 
crack growth only. However, recent approaches have 
been developed in literature [36], and in the commercial 
FE codes ABAQUS/Standard [37] and MSC.Marc [38], 
in which fracture mechanics are used to control the 
bonding between two contacting surfaces. These 
approaches all apply VCCT during every increment of a 
nonlinear analysis, and use single-mode and mixed-mode 
criteria to determine when attached nodes should be 
released to represent crack growth. The success of these 
approaches illustrates that efficient and robust methods 
are possible for incorporating fracture mechanics into 
crack propagation analysis. 
 
3.6. Length Scale 
 
In order to develop an accurate approach for 
characterising composite material properties it is 
important to consider the issues associated with analysis 
at different length scales [39]. For laminated composite 
materials there are a number of key length scales, 
including the sub-ply, ply, laminate, structural detail and 
component levels. Each of these involves different 
behaviour and failure mechanisms, and understanding 
these differences and the interaction between length 
scales is critical to developing an accurate analysis 
approach.  
 
For metal structures the consideration of length scale has 
been less important, as the material and behaviour are 
generally isotropic, average properties can be used, and 
the variabilities in the material do not build up on each 
other. In contrast for composites, the fibre and matrix are 
fundamentally different materials, and structures are 
built using variable lay-ups of directionally dependent 
plies. The damage modes seen in composites are also 
interactive, where the development of one damage 
mechanism can delay or intensify the development of 
others, such as in the stress relaxation of matrix cracking 
or the structural deformation of delamination buckling.  
 
At the sub-ply level of composites, failure occurs due to 
interfacial debonding, fibre fracture or matrix cracking 
and analytical models exist for tensile fibre fracture, 
global load sharing, fibre microbuckling and kink-band 
formation, matrix cracking and interface debonding. At 
the ply level, the length scale is the ply thickness, and 
models exist for fibre tensile and compressive failure and 
matrix strength, though these are based on empirical 
factors, and the link back to the sub-ply level is not clear 
or well defined. At the laminate level, the ply-by-ply 
failure procedure that is commonly applied is based on 
ply failure criteria, and again the links back to the ply 
and sub-ply failure mechanisms are not well defined. At 
the level of structural detail, the length scales taken 
include the size of holes, stiffeners, joints, transitions and 
other structural elements, and the damage mechanisms 
can be unique to a length scale, which is also true for 
analysis at a structural component level. This again 
emphasises the importance of considering the composite 
as a structure rather than a material in failure analysis. 
 
As a result of these considerations, it is critical to 
understand the length scales involved in any model and 
to consider the links and interactions that are important. 
For composites, the issues of multiple damage sites, 
manufacturing defects, structural details and 
probabilistic variation in properties need to be 
considered. The use of DED has potential in this respect, 
as it allows the cumulative effect of all nonlinearities 
measured experimentally to be incorporated into the 
material constitutive law. Furthermore, DED can act as a 
bridge in assessing a structural configuration to 
determine the key length scales, and to investigate 
suitable test specimens [2]. 
 
4. Discussion 
 
In order to assess the different approaches for failure 
predictions and damage modelling, it is necessary to put 
all considerations within the context of the development 
of DED. As previously explained, it has been 
demonstrated that DED can be reliably determined from 
experimental testing for any material, and measures the 
cumulative irreversible effects of all damage 
mechanisms. This has been implemented within an 
automated, data-driven material characterisation 
methodology to define the development of damage, and 
the subsequent loss in material performance, as a 
function of strain. Current work is aimed at extending 
this approach to develop a characterisation methodology 
for composite materials to define behaviour leading up to 
and including failure. As part of this, it is necessary to 
consider the range of damage predictions and modelling 
approaches in literature, in order to highlight approaches 
that are suitable for predicting composite failure and are 
applicable within the current DED framework. 
 
Comparing the different failure criteria with each other is 
a difficult task, which requires extensive experimental 
data across the full range of possible loading scenarios. 
The context of failure prediction within a given analysis 
is also important, particularly the definition of failure or 
critical failure mechanisms, the level of detail required, 
size and complexity of the problem, and the availability 
of material data. This process is further complicated by 
the vast number of theories and criteria available in 
literature, the necessary use of curve-fitting or ‘tuning’ in 
any analysis to some degree, and the subjective nature of 
comparison itself.  
 
One notable effort in this regard has been the World-
Wide Failure Exercise (WWFE) organised by Hinton, 
Kaddour and Soden [28]. This exercise spanned 12 years 
and compared 19 leading failure theories for the analysis 
of 14 biaxial tests cases covering different materials, 
laminates and load cases. Numerical predictions were 
made both without and with access to the experimental 
data, and the organisers ranked each criterion in a range 
of categories, including the accuracy of the prediction, 
necessity for ‘tuning’ and applicability across the 
different scenarios. There were some issues with the 
experimental data concerning the quality, relevance and 
completeness of the results. In spite of this, the exercise 
was highly valuable in assessing the state of the art and 
highlighting key strengths and weaknesses of current 
approaches. As a result of the exercise, five methods for 
failure prediction were identified as promising: Puck 
[21], Zinoviev (a Maximum Stress approach), Tsai [27], 
Cuntze [24] and Bogetti (a 3D Maximum Strain 
approach). Predictions were compared at a lamina level 
and for multi-directional laminates, and it was seen that 
even the most accurate theories only predicted the final 
fracture strength of the multi-directional laminates 
within ±50% for 85% of the test cases. Two further 
exercises are currently planned, WWFE-II [40] and 
WWFE-III [41], to address shortcomings in current 
composite failure theories in considering triaxial 
loadings and dealing with damage and associated 
modelling techniques.  
 
In terms of applicability within the framework of DED, 
most failure theories and criteria are suitable in this 
respect due to their operation within the stress space. The 
DED approach has been incorporated into a fully 
nonlinear constitutive behaviour, which describes a 
stress-strain relationship that is a dependent on the DED 
function, which itself is similar to a characterised 
material property [1]. In this manner, most criteria can be 
applied in combination with the DED framework, in 
terms of monitoring and representing failure throughout 
the analysis. 
 
Furthermore, in a companion paper [42] it is shown that 
various criteria can be reduced to one another, and that 
under specific conditions most failure criteria and 
theories are actually constrained renderings of criteria 
based on energy density. This type of construction 
allows current failure theories to be reformulated within 
energy density terms, and is further detailed in Ref. [42]. 
 
In order to be consistent with the application of DED 
within the constitutive relationship, it may be more 
suitable to simply monitor various failure criteria to 
predict final failure. This type of analysis would be 
dependent on completely characterising the DED 
function in all six DOF up until failure. A 6DOF DED 
function would obviate the need for any further damage 
modelling, such as ply damage or delamination 
modelling, as all damage types would implicitly be 
included within the DED function. A fully automated 
6DOF testing machine developed at NRL for this 
purpose [2] will be applied to investigate irreversible 
damage development under a wide of loading conditions 
up until and including failure. 
 
5. Conclusion 
 
A review has been conducted of methodologies for 
modelling constitutive behaviour and failure in fibre-
reinforced polymer composites. This review was part of 
a project to extend an approach developed at NRL for 
data-driven characterisation of composite material 
systems that is based on the application of DED. 
Methods for constitutive modelling were reviewed, and 
were classified as either explicit, implicit or hybrid, 
depending on the extent to which physically-based 
theories were used to describe the material stress-strain 
behaviour. The failure mechanisms of fibre fracture, 
matrix cracking, buckling and delamination were listed 
as the key damage mechanisms for a composite ply in a 
laminate. The characterisation of composite failure in 
terms of strength or fracture mechanics theories was 
covered, with reference to the methods for 
experimentally determining material limits.  
 
A comprehensive review of failure criteria was 
presented, where criteria were categorised in terms of the 
failure type predicted, which included fibre, matrix, 
shear, ply, delamination initiation and delamination 
growth, with separate categories for tension, 
compression and general equations. This was followed 
by a review of common methods for damage modelling, 
which were all shown to relate to the concept of damage 
mechanics, in which damage equations are incorporated 
in the material constitutive behaviour. The issues of 
length scale were discussed, which is critical for an 
analysis approach to apply from scales ranging from the 
ply to the structural level.  
 
The various failure criteria and modelling approaches 
were discussed within the context of the DED 
framework. The difficult task of comparing failure 
criteria to each other was discussed, and the notable 
work of the WWFE in this regard was highlighted. It was 
found that most criteria could be applied in combination 
with the DED approach, due to the incorporation of the 
DED function within the material stress-strain behaviour. 
Furthermore, the reducibility of failure criteria under 
certain conditions was noted, as was the direct 
relationship of most criteria to criteria based on energy 
density. The benefits of the successful application of a 
6DOF material characterisation approach were 
discussed, and reference was made to the 6DOF loading 
machine developed at NRL.  
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Table 1: Failure criteria for fibre failure in tension 
Criterion Equation Additional terms 
Max-stress_fibre-tens 
TX≥1σ   
Max_strain_fibre-tens 
T11 εε ≥   
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α from nonlinear shear law  
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1 αττγ +
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subscript f denotes fibre values 
σfm : stress magnification factor 
 
 
Table 2: Failure criteria for fibre failure in compression 
Criterion Equation Additional terms 
Max-stress 
_fibre-comp 
CX≥1σ   
Max_strain 
_fibre-comp C
11 εε ≥   
1974_Greszczuk 
_fibre-comp [43] 
f
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1σ  
mG12 : matrix shear modulus 
Vf : fibre volume fraction 
1991_Chang-Lessard 
_fibre-comp [25] CX≥1σ  C
X : microbuckling strength, 
equation in separate paper 
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1
12
1
1
1011 γσ
ν
ε
ε σ
−≥







+ f
f
f
C
m
E
 
subscript f denotes fibre values 
σfm : stress magnification factor 
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1222 ,τσ : stresses in 2D kinking 
frame, at angle ϕ 
cIIcI GGg =  different for thin and 
thick plies 
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mm22σ , mm21τ ,
m
23τ , 
m
12τ , 
m
3σ , 
ϕτ 32m  are stresses in 3D kinking 
frame, at angles ϕ, ψ 
cIIcI GGg =  different for thin and 
thick plies 
3D kinking angles found by 
iteration; if no solution found failure 
is due to instability 
2007_Maimí-et-al 
_fibre-comp [44] 112221212 ≥+ S
mm σητ  
mm
1222 ,τσ : stresses in 2D kinking 
frame, at angle ϕC  
 
 
Table 3: Failure criteria for fibre failure in tension and compression 
Criterion Equation Additional terms 
1982_Lee 
_fibre-gen [45] 
 
FNσσ ≥1   or  
( ) FSσσσ ≥+ 213212  
FNσ : fibre normal strength 
FSσ : fibre in-plane shear strength 
1997_Christensen 
_fibre-gen [46] 
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2003_Huang-et-al 
_fibre-gen [47] 
use dissipated energy density φ(ε) 
to indicate damage: 
fibre failure for ( ) tD>εφ  
Dt = dissipated energy density 
threshold 
 
Table 4: Failure criteria for matrix failure in tension  
Criterion Equation Additional terms 
Max-stress_matrix-tens 
TY≥2σ   
Max_strain_matrix-tens 
T22 εε ≥   
1973_Hashin-Rotem 
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α from nonlinear shear 
3
12121212 αττγ += G   
1991_Chang-Lessard 
_matrix-tens [25] 
Chang and Chang (1987) with in situ strength isTY  
instead of YT 
 
1992_Ladeveze 
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use 2d , 2Ψ  to indicate damage:  
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Also uses plasticity law 
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σ : effective ply stresses 
φ : matrix crack density 
YT, S12: use crack density 
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Table 5: Failure criteria for matrix failure in compression  
Criterion Equation Additional terms 
Max-stress_matrix-comp 
CY≥2σ   
Max_strain_matrix-comp 
C22 εε ≥   
1973_Hashin-Rotem 
_matrix-comp [23] 
( ) ( ) 12121222 ≥+ SYC τσ   
1980_Hashin-2D 
_matrix-comp [19] ( )[ ] ( ) ( ) 1212 2121222322232 ≥++− SSSYY CC τσσ   
1991_Chang-Lessard 
_matrix-comp [25] ( ) 1
 2
 2
4
124
3
12
2
12
4
124
3
12
2
12
2 ≥
+
+
+2
isis
C SGS
G
Y
α
τατ
σ  
α from nonlinear shear 
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Table 6: Failure criteria for matrix failure in tension and compression  
Criterion Equation Additional terms 
1982_Lee 
_matrix-gen [45] MNσσ ≥2   or ( ) MSσσσ ≥+ 213212  MNσ , MSσ : matrix normal, shear strengths 
1997_Christensen 
_matrix-gen [46] 
( ) ( )2312123211 σσσσα +++k  
( ) ( )[ ] 2122323241121 k≤+−++ σσσα  
CYSk 21121 ==  , ( )1211 −= TC YYα  
restrictions:  
21 kk <<  (in Table 3) 
( ) ( )1332221 order k=+σσ  
2001_Gosse 
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failure when crit11 JJ ≥ or criteqveqv εε ≥  
321  , , εεε : principal 
strains 
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experiment 
2003_Huang-et-al 
_matrix-gen [47] 
use dissipated energy density φ(ε): 
matrix failure for ( ) tD≤≤ εφ0  
Dt : dissipated energy 
density threshold 
 
 
Table 7: Failure criteria for fibre-matrix shear failure  
Criterion Equation Additional terms 
Max-stress_shear 
1212 S≥τ   
Max-strain_shear u
1212 γγ ≥  
u
12γ : ultimate shear strain 
1980_Hashin 
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α from nonlinear shear 
3
12121212 αττγ += G   
1992_Ladeveze 
_shear [48] 
use 12d , 12Ψ and 2Ψ to indicate damage:  
total failure for 112 ≥d  max22Ψ Ψ≥  
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+
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material parameters: 
critinit2 ,Ψ , max , b: tension 
test on [±67.5]2S coupon 
crit12init12 ,ΨΨ : cyclic tension 
on [±45]2S coupon 
Also uses plasticity law 
1995_Shahid-Chang 
_shear [49] 
( ) ( )( ) 12121221 ≥+ φτσ SX T  σ : effective ply stresses φ : matrix crack density 
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or equation in paper 
 
Table 8: Failure criteria for ply failure  
Criterion Equation Additional terms 
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( )u : ultimate strain 
m: curve fit parameter 
Wolfe and Butalia (1998) use 
m1, m2, m12 for m  
1980_Yamada-Sun 
_ply-gen [52] 
( ) ( ) 12121221 ≥+ isSX τσ  
2-parameter Weibull distribution for strength 
X: specified in paper only as 
ply strength 
1988_Christensen 
_ply-gen [53] 
2kee ijijkk ≤+⋅εα , where  
εkk: volume change, eij : deviatoric strain 
α, k: curve fit parameters  
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use dissipated energy density φ as damage metric: 
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D: dissipated energy  
W: total energy, 
R: recoverable energy 
Φ: dissipated energy 
(approximation) 
m: material, V: volume 
χ: strain-based interpolation 
functions 
c: material coefficients 
Vc: characteristic volume 
dcr: critical dissipated energy 
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, modeEff : failure mode criteria 
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Table 9: Interactive failure criteria for ply failure  
Criterion Equation 
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for 2D transverse isotropic material 
1
21
2
2
2
1 11 σσσσσ 





−+−+
CTCTCTCT XXXXYYXX
111 2 ≥





−+ σ
CT YY
 
1994_Yeh-Stratton 
_ply-inter [59] 1
2
≥+++
ij
ij
ijij
j
j
i
i
C
B
AA
τ
σ
σσ
 in every quadrant of stress space 
eg for 1-2 plane: 1
12
2
12
1212
21 ≥+++
S
B
YX
τ
σ
σσ
 
for 01 >σ , TXX =  else for 01 <σ , CXX =   
for 02 >σ , TYY =  else for 02 <σ , CYY =  
note B12 parameters different in each quadrant 
1997_Echaabi 
_ply-inter [60] 
 
Kriging technique for statistical curve fit to failure data 
use knowledge of slope of envelope in quadrants 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) 








=






















′
′−′′−−′∈−
−′∈−
00*
****
*
r
i
l
k
j
krjrij
kiijji
d
u
a
c
b
XPXP
XPXXKXXK
XPXXKXXK






≤≤≤≤
>−
≤+
=∈ Lk Ni
XX
XX
ki
ki
ij 1,1for  if ,1
 if ,1
*
*
  
typical covariance types: 
constant: a1   quadratic: a1 + a2 t + a3 t2 
linear: a1 + a2 t  trigonometric: a1 + a2 sin 2π t+a3 cos 2π t 
 
Table 10: Failure criteria for delamination initiation  
Criterion Equation 
Max-stress 
_delam-init 
TZ≥3σ , 3131 S≥τ , 2323 S≥τ  
1980_Hashin 
_delam-init [19] 1
2
31
31
2
23
23
2
3 ≥





+





+





SSZT
ττσ
 
1982_Lee 
_delam-init [45] TZ≥3σ   or ( ) 23213212 S≥+ σσ  
1986_Kim-Soni 
_delam-init [61] 
133
2
333
2
2323
2
1313 ≥+++ σσττ FFFF  
3iF and 3F  are general functions of the interlaminar strengths 
1987_Ochoa-Engblom 
_delam-init [62] 12
23
2
31
2
23
2
3 ≥
+
+





SZT
ττσ
 
1988_Brewer-Lagace 
_delam-init [63] 1
2
3
2
3
2
31
31
2
23
23 ≥







+







+





+




 −+
CT ZZSS
σσττ
 
1991_Long 
_delam-init [64] 1
2
23
233 ≥





+





SZT
τσ
 and 1
2
23
23
2
3 ≥





+





SZT
τσ
 
1997_Tsai 
_delam-init [65] 1
2
23
23
2
3
2
31
2
1 ≥





+





+
−
SZX TT
τσσσσ
 
1997_Tong-Tsai 
_delam-init [65] 1
2
23
233
2
31
2
1 ≥





+





+
−
SZX TT
τσσσσ
 
1997_Degen-Tsai 
_delam-init [65] 1
2
23
23
2
3
2
1 ≥





+





+





SZX TT
τσσ
 
1997_Degen-Tong-Tsai 
_delam-init [65] 1
2
23
233
2
1 ≥





+





+





SZX TT
τσσ
 
1997_Norris 
_delam-init [65] 1
2
23
23
2
331
2
1 ≥





+





+
−
SZXX TCT
τσσσσ
 
1997_Tong-Norris 
_delam-init [65] 1
2
23
23331
2
1 ≥





+





+
−
SZXX TCT
τσσσσ
 
1998_Zhang 
_delam-init [65] TZ≥3σ  and 23
2
23
2
31 S≥+ττ  
2001_Wisnom-et-al 
_delam-init [29] 
effective matrix stress σe found from principal stresses: 
( ) ( ) ( ) ( )3212132322212 6.06.2 σσσσσσσσσσσ +++−+−+−= ee  
Weibull equivalent stress σ  found summing eσ for all elements 
Weibull parameter and experimental σ  from testing curved unidirectional beams in bending. 
2002_Goyal-et-al 
_delam-init [26] 1
2
3
31
31
23
23 ≥







+





+




 +
TZSS
σττ
γγ
,   γ : curve fit parameter 
 
Table 11: Failure criteria for growth of an existing delamination  
Criterion Equation Additional terms 
Single mode 
cII GG ≥ , cIIII GG ≥ , cIIIIII GG ≥   
1981_Hahn 
_delam-growth [67] 
( ) cIIcIcIIcIIT GGGGGG −−≥   
1983_Hahn-Johnnesson 
_delam-growth [68] ( )
22
111
E
E
G
GGG
I
II
cIT ++−≥ χχ  
χ : curve fit  
1984_Power-law 
_delam-growth [69] 1≥





+





+





p
cII
II
n
cII
II
m
cI
I
G
G
G
G
G
G
 
m, n, p: curve-fit  
linear: m = n = p = 1 
quadratic: m = n = p = 2 
1985_Donaldson 
_delam-growth [70] 
( ) ( )NcIIcIT eGGG −+−≥ 1γ
( )( )22111 EEGGN III+=  
γ : curve fit 
1987_Hashemi-Kinloch 
_delam-growth [71] mode I: 





−≥
cI
I
I
cI
cIIII G
G
G
G
E
EGG
22
11
3
1
 
mode II: 







−





≥
cI
II
cI
cII
II
cI
cII G
G
G
G
G
G
E
EGG
2
11
223  
 
1987_White 
_delam-growth [72] ( ) ( )III GGcIcIIT eGGG
1
η
−≥  
η : curve fit 
1990_Hashemi-Kinloch 
_delam-growth [73] ( ) 11 ≥+−+
cII
II
cII
II
cI
I
cI
I
G
G
G
G
G
G
G
G
κ  
κ : curve fit 
1991_Yan-et-al 
_delam-growth [74] 
2






++≥
I
II
I
II
cIT G
G
G
GGG τρ   
ρ , τ : curve fit 
1991_Hashemi-Williams 
_delam-growth [75] 1
1
1
≥+





+
+−
+
cII
II
cII
II
cI
I
IIIcI
I
G
G
G
G
G
G
GGG
G ϕκ
 
κ , ϕ : curve fit 
1993_Reeder 
_delam-growth [76] for 
cIIcI
cIIcI
I
II
GG
GG
G
G
ξ
ζ
+
+
<
1
, 1≥−
cI
III
G
GG ξ
 
for 
cIIcI
cIIcI
I
II
GG
GG
G
G
ξ
ζ
+
+
<
1
, 1
 
 
≥
−
cII
III
G
GG
ζ
ζ
 
ξ , ζ : linear curve fit 
1996_B-K 
_delam-growth [77] 
( ) ( )[ ]ηIIIIICICIICIT GGGGGGG +−+≥  η : curve fit 
2007_Davidson-Zhao 
_delam-growth [78] for ZG
GII ≥≤0 : ( )( )TII
cI
T GG
G
G
ξ+−
≥
11
,  
for 0.1≥≤
G
GZ II : ( )( ) 11
 
−+
≥
TII
cII
T GG
G
G
ζ
ζ
 
ξ , ζ : linear curve fit from 
Gc data at DCB (GIc), 
ENF (GIIc) and one other 
mixed-mode ratio, Z. SLB 
test used, with Z = 0.4 
 
Table 12: Interface element summary 
Reference Type Mixed-mode formulation Additional constants  
Additional 
tests  Structures analysed 
Cui and 
Wisnom [79] 
2 springs per node 
for 2D models Mixed-mode loading not incorporated − − 
2D beams in tension 
and 3-point bending 
Hachenberg 
and Kossira 
[80] 
12 node interface, for 
use with  
8 node shell 
Delamination growth not incorporated critical bending strain βc 
T-peel, ILS 
and peel test 
2D specimens, 3D 
stiffened panels 
Schellekens 
and de Borst 
[81] 
8 node line interface 
for  
12 node shells 
Mixed-mode loading not incorporated − − 2D mode I test specimen 
Reedy, Mello 
and Guess 
[82] 
8 node hex interface 
for 4 node shells Mixed-mode loading not incorporated − − 
2D mode I and II 
specimens 
Mi et al. [83] 6 node line interface for 8 node shells 
Modes I and II, use interaction 
exponent α for delamination growth 
Mixed-mode: 
α − 
2D mode I, II, mixed-
mode and overlap 
specimens 
Petrossian and 
Wisnom [84] 
2 node spring for use 
with 2D shells 
Linear interaction for delamination 
growth using modes I and II − 
FE tests 
required 
2D beams and curved 
specimens 
Wisheart and 
Richardson 
[85] 
6 node 2D line and 16 
node 3D interface 
Linear interaction for delamination 
growth using modes I and II − − 
2D and 3D mode I, II, 
mixed-mode 
specimens 
de Moura et 
al. [86] 
18 node 3D hex for 
use with  
27 node hex  
Single mode softening, with 
displacements in modes I, II, III to 
define mixed-mode state 
− − 3D CAI plate test 
Jansson and 
Larsson [87] 
2D plane strain 
damage formulation,  
Linear addition of mode I and II 
SERR; then equate to experimental 
fracture toughness at given mixed-
mode ratio 
G as fn of 
mode ratio 
G(β) 
Input data for 
G(β) equation 
2D mode I, II and 
MMB specimens 
Qiu, Crisfield 
and Alfano 
[88] 
4 node line interface 
for use with 2D shells 
Interaction formulation of  
Mi et al. [83] 
Mixed-mode: 
α − 2D mode I specimen 
Borg, Nilsson 
and 
Simonsson 
[89] 
3 springs per node in 
3D damage surface 
formulation 
Mixed-mode power law relationships f 
and g for stresses and strain energy 
release rates into damage surface 
8 constants 
Load:, α0, αi  
Energy: β0, βi 
αi and βi  
chosen based 
on tests 
3D DCB, ENF and 
MMB specimens 
Camanho and 
Dávila [30] 
8 or 18 node 3D 
interface for 8 or 21 
node bricks 
Quadratic interaction for delamination 
initiation;  
Benzaggagh and Kenane [77] fracture 
toughness criteria with 
 Gshear = GII + GIII for growth 
Mixed-mode: η 
for B-K 
criterion 
Series of 
mixed-mode 
tests for η 
2D DCB, 3D ENF and 
MMB specimens 
Zou et al. [90] 
16 node non-cohesive 
interface for 8 node 
degenerated shell  
Interaction formula (Eqn 1) with 
exponents α, β and γ for growth in 
modes I, II and III 
Mixed-mode: 
α, β, γ − 
3D DCB and impact 
specimens 
Zou, Reid and 
Li [91] 
2 interfaces, for 
2D/3D solids and 
laminated shells 
Damage surface formulation of Borg, 
Nilsson and Simonsson [89], with g 
incorporated into another function ψ to 
control damage surface shrinkage rate  
As for Borg, Nilsson and 
Simonsson [89] 
2D DCB and mixed-
mode overlap 
specimen 
Goyal et al. 
[26] 
8 node interface for 
2D shells,  
with PFA applied 
Parameter µ combining displacements 
in modes I, II,III; use µ in exponential 
softening relationship 
Material:  
β, κ, e,  
mixed-mode: α 
− 
3D shear and 
compression panels 
with cutouts 
 
 
